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Abstract
An m-cycle system of order v is a partition of the edge-set of a complete graph of order v into
m-cycles. The -way intersection problem for m-cycle systems involves taking  systems, based
on the same vertex set, and determining the possible number of cycles which can be common
to all  systems. General results for arbitrary m are obtained, and detailed intersection values
for (; m) = (3; 4); (4; 5); (4; 6); (4; 7); (8; 8); (8; 9). (For the case (; m) = (2; m), see Billington
(J. Combin. Des. 1 (1993) 435); for the case (; m) = (3; 3), see Milici and Quattrocchi (Ars
Combin. A 24 (1987) 175). c© 2001 Elsevier Science B.V. All rights reserved.
Keywords: m-cycle system; Cycle decomposition; Intersection problem; Trade
1. Introduction and preliminaries
If two combinatorial structures (designs, latin squares, graph decompositions) with
identical parameters, and based on the same underlying set, are taken, then the problem
of determining the possible numbers of common objects (blocks, entries, graphs) is
known as the intersection problem. (See [2] for a survey.) In particular, the intersection
problem for m-cycle systems was dealt with in [1].
But why stop at the intersection problem for two structures? Milici and Quattrocchi
[6] looked at sets of three Steiner triple systems, and found the set of all integers k
for which there exist three Steiner triple systems of order v, based on the same v-set,
having k triples common to all three systems. We shall refer to this as the 3-way
intersection problem for Steiner triple systems. In this paper we consider the general
problem of taking a collection of , generally diCerent, m-cycle systems of order v,
based on the same v-set, and determining the number of m-cycles it is possible to have,
common to all the  systems. We call this the -way intersection problem for m-cycle
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Fig. 1. G1. Fig. 2. G2.
systems. Thus the case with arbitrary m and  = 2 was considered in [1], while the
case m= 3 and  = 3 was dealt with in [6].
We shall begin with some deHnitions and notation. An m-cycle system of order v
is an edge-disjoint decomposition of the complete graph Kv into m-cycles. Obvious
necessary conditions for the existence of an m-cycle system of order v are:
(1) v¿m, if v¿ 1; (2) v is odd; and (3) v(v− 1)=2m is an integer.
Here we are not interested in the allowable orders v for any m-cycle system, that is,
whether these necessary conditions are also suKcient (the spectrum problem).
We shall also need the concept of an m-cycle system of a graph G where G is
not necessarily a complete graph. This is merely an edge-disjoint decomposition of the
graph G into m-cycles.
Intimately connected with the intersection problem is the concept of a trade. A graph
H is said to admit a -way trade of m-cycles, of volume s, if H can be decomposed
into s edge-disjoint m-cycles in  distinct ways, so that the s cycles are all diCerent,
and therefore so that no cycles are common to any pair of the  sets. We shall denote
such a -way trade of m-cycles of volume s by Tm(s).
Following notation in [1], let Im(v) denote the set of integers k such that there exist 
distinct m-cycle systems of order v with precisely the same set of k cycles in common
to all  sets. We also let J m(v) denote the set of expected -way intersection numbers.
When m = 3 (the Steiner triple system case), Milici and Quattrocchi [6] showed that
I 33 (v) = {0; 1; 2; : : : ; t}\{t − 1; t − 2; t − 3; t − 4; t − 5; t − 7}, where t = v(v − 1)=6, for
v¿19; for smaller v, some expected values cannot be achieved.
At this stage it may be helpful to consider two examples, showing that there is a
3-way trade of 4-cycles of volume 2, and also a 4-way trade of 7-cycles of volume 2.
Example 1. The sets of cycles (see Fig. 1)
{(1; 2; 3; 4); (1; 5; 3; 6)}; {(1; 2; 3; 5); (1; 4; 3; 6)}; {1; 2; 3; 6); (1; 4; 3; 5)}
form a 3-way trade of 4-cycles of volume 2, denoted by T 34 (2).
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Example 2. The sets of cycles (see Fig. 2)
{(1; 2; 3; 4; 5; 6; 7); (1; 8; 3; 9; 10; 6; 11)}; {(1; 8; 3; 4; 5; 6; 7); (1; 2; 3; 9; 10; 6; 11)};
{(1; 8; 3; 9; 10; 6; 7); (1; 2; 3; 4; 5; 6; 11)}; {(1; 2; 3; 9; 10; 6; 7); (1; 8; 3; 4; 5; 6; 11)}
form a 4-way trade of 7-cycles of volume 2, T 47 (2).
These examples will suggest to the reader that there is an upper bound on the value
that  may take, for a given m. We explore this shortly.
Finally, if A and B are sets of (non-negative) integers, let A + B denote the set of
all integers of the form a+ b where a ∈ A and b ∈ B.
In Sections 2 and 3, the case m even is dealt with, while Sections 4 and 5 deal
with m odd. In particular, we look at m = 4; 6; 8 in Section 3, and m = 5; 7; 9 in
Section 5.
We make use of the following result (see [3]) in the next sections.
Lemma 3. The complete graph Km; for m odd; admits a trade T

m((m− 1)=2); where
 = (m− 2)!.
The following lemma states the relationship between -way trades and the intersec-
tion problem for  sets of m-cycle systems.
Lemma 4. Let the graph G be decomposed into Hi; 16i6r; that is; G=H1 +H2 +
· · ·+ Hr . Suppose each Hi admits a Tm(si). Then
∑r
i=1{0; si}⊆ Im(G).
2. Main result; m even
We begin this section with the following crucial lemma.
Lemma 5. Let G be the multigraph on m vertices obtained from an m-cycle by
repeating each edge s times. Then G admits a Tm(s); where  = sm−1.
Proof: First note that each edge of G is repeated s times. So there are exactly sm
distinct m-cycles in G. On the other hand, any m-cycle system of G must have s
cycles. Therefore, there are sm=s distinct m-cycle systems of G.
Remark 6. In Lemma 5, if uv is an edge of G and we replace all the s edges of G
between the vertices u and v by paths of length  then the obtained graph admits a
Tm−1+(s), where  = s
m−1.
This leads to the following results concerning trades of volume 2 and 3.
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Corollary 7. Let m be even and t = m=2. Suppose C1 = (a1; a2; a3; : : : ; am) and
C2 = (b1; b2; b3; : : : ; bm) are two m-cycles such that
(i) {a2; a4; a6; : : : ; am} ∩ {b2; b4; b6; : : : ; bm}= ∅; and
(ii) a2i−1 = b2i−1 for 16i6m=2.
Then C1 ∪ C2 admits a Tm(2); where  = 3 if m= 4 and  = 2t−1 otherwise.
Proof: If m = 4, Example 1 above shows that C1 ∪ C2 admits a T 34 (2). When m¿6
the result follows by Lemma 5 and Remark 6.
Similarly, one can prove the following result.
Corollary 8. Let m be even and t = m=2. Let C1 = (a1; a2; a3; : : : ; am),
C2=(b1; b2; b3; : : : ; bm) and C3=(c1; c2; c3; : : : ; cm) be three m-cycles. Moreover; suppose
that
(i) {a2; a4; a6; : : : ; am}; {b2; b4; b6; : : : ; bm} and {c2; c4; c6; : : : ; cm} are mutually disjoint
sets; and
(ii) a2i−1 = b2i−1 = c2i−1 for 16i6m=2.
Then C1 ∪ C2 ∪ C3 admits a Tm(3); where  = 5 if m= 4 and  = 3t−1 otherwise.
Now we prove our most crucial result in the case m even.
Theorem 9. Let m be even and let  be given by Corollary 7: Then there exist 
decompositions of K2m;2m into 4m cycles of length m; having k cycles in common; for
all k ∈ {0; 1; 2; 3; : : : ; 4m− 2; 4m}.
Proof: Consider the decomposition of K2m;2m into m-cycles given in Appendix A. This
decomposition was found by Billington (see [1]).
The case m = 4M : Since the jth cycles of A0 and of A1 (or of A2 and of A3), for
16j64M , satisfy the assumptions of Corollary 7, it follows that the union of these
two cycles admits a Tm(2). Now by Lemma 4 we obtain the intersection numbers
0; 2; 4; : : : ; 4m − 2; 4m. For the odd intersection numbers we use the Hrst cycles of
A0, of A1 and of A2. By Corollary 8 the union of these three cycles admits a T

m(3).
Applying Lemma 4 with this -way trade of volume 3 and the -way trades of volume
2 formed by the jth cycle of A0 and of A1 (or of A2 and of A3), for 26j64M , will
give the intersection numbers 1; 3; 5; : : : ; 4m − 3. Note that the Hrst cycle of A3 is in
common with all the  m-cycle decompositions of K2m;2m.
The case m= 4M + 2: Since the jth cycles of B0 and of B2 (or of B1 and of B3),
for 16j64M +2, satisfy the assumptions of Corollary 7, it follows that the union of
these two cycles admits a Tm(2). Now by Lemma 4 we obtain the intersection numbers
0; 2; 4; : : : ; 4m − 2; 4m. For the odd intersection numbers we use the Hrst three cycles
of B0. By Corollary 8, the union of these three cycles admits a T

m(3). Now applying
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Lemma 4 with the -way trades of volume 2 formed by the jth cycles of B0 and of
B2, 46j64M + 2, the jth cycles of B1 and of B3, 16j64M + 2, the second and
third cycles of B2, and the -way trade of volume 3 formed by the Hrst three cycles
of B0, gives the intersection numbers 1; 3; 5; : : : ; 4m− 3. Note that the Hrst cycle of B2
is in common with all the  m-cycle decompositions of K2m;2m.
The following theorem shows that the intersection problem for  m-cycle systems of
Kv for each equivalence class (mod 2m) is settled if we solve the intersection problem
for at most two values of v not greater than 3m and if there exist  m-cycle systems of
K2m;w, where w is at most 3m, having no cycle in common. The proof of this theorem
uses a well-known construction (see for example [1]).
Theorem 10. Let m be even and let  be given by Corollary 7. Suppose that v¿m
and de4ne J m(v) = {0; 1; 2; : : : ; t − 2; t = v(v− 1)=2m}.
(i) If J m(2m+ 1) = I

m(2m+ 1) then J

m(2mn+ 1) = I

m(2mn+ 1) for all n¿1.
(ii) Let there exist an m-cycle system of K2m+x; where 1¡x¡m. If
(1) J m(2m+ 1) = I

m(2m+ 1);
(2) J m(2m+ x) = I

m(2m+ x); and
(3) there exist  m-cycle systems of K2m;2m+x−1 having no cycle in common;
then J m(2nm+ x) = I

m(2nm+ x); for all n¿1.
(iii) Let there exist an m-cycle system of Kx; where m¡x¡ 2m. If
(1) J m(2m+ 1) = I

m(2m+ 1);
(2) J m(x) = I

m(x); and
(3) there exist  m-cycle systems of K2m;x−1 having no cycle in common;
then J m(2nm+ x) = I

m(2nm+ x); for all n¿0.
Proof: (i) Let the vertex set of K2mn+1 be
{∞} ∪ {(i; j) | 16i6n; 16j62m}:
We construct an m-cycle system of K2mn+1 as follows. On {∞} ∪ {(i; j) | 16j62m},
for each i = 1; 2; 3; : : : ; n, place an m-cycle system of K2m+1. Then on
{(i1; j) | 16j62m} ∪ {(i2; j) | 16j62m};
for all ( n2 ) pairs i1; i2 chosen from {1; 2; 3; : : : ; n}, place an m-cycle system of K2m;2m
(see Theorem 9).
By repeating this construction we may obtain  m-cycle systems of K2mn+1 with k
cycles in common; using Theorem 9 and the hypothesis we see that k can equal any
value
∑
16i6n
yi +
∑
16i6( n
2
)
zi;
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Fig. 3. G3. Fig. 4. G4.
where yi ∈ J m(2m + 1) and zi ∈ {0; 1; 2; 3; : : : ; 4m − 2; 4m}. It is straightforward to
verify that k can therefore take any value in
{0; 1; 2; 3; : : : ; n(2mn+ 1)− 2; n(2mn+ 1)};
provided n¿2. Hence J m(2mn+ 1) = I

m(2mn+ 1) for all n¿1.
The proofs of (ii) and (iii) are similar to (i), and are left for the reader.
3. 4-cycle, 6-cycle and 8-cycle systems
In this section we settle the intersection problem for  m-cycle systems, where
(; m)∈{(3; 4); (4; 6); (8; 8)}. So the spectra here are, respectively, v ≡ 1 (mod 8), v≡ 1
or 9 (mod 12) and v≡ 1 (mod 16). Therefore, by Theorem 10, it suKces to show that
I 34 (9) = {0; 1; 2; : : : ; 7; 9}, I 46 (9) = {0; 1; 2; 3; 4; 6}, I 46 (13) = {0; 1; 2; : : : ; 11; 13}, I 88 (17) =
{0; 1; 2; : : : ; 15; 17}, and that there exist four 6-cycle systems of K8;12 having no cycle
in common.
Lemma 11. I 34 (9) = {0; 1; 2; 3; 4; 5; 6; 7; 9}.
Proof: See Appendix B.
Lemma 12. There exist four 6-cycle systems of K8;12 having no cycle in common.
Proof: First, we note that by Corollary 7 the graph G3 (see Fig. 3) admits a T 46 (2).
We denote this graph by [1; 2; 3; 4; 5; 6; 7; 8; 9]G3 .
Then let the vertex set of K8;12 be {0; 1; : : : ; 7} ∪ {8; 9; : : : ; 19}, with the obvious
vertex partition. We decompose K8;12 into eight copies of G3 as shown in Table 1.
Now the result follows by Lemma 4.
Lemma 13. I 46 (9) = {0; 1; 2; 3; 4; 6}.
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Table 1
[5; 14; 15; 7; 16; 17; 6; 18; 19]G3 ; [0; 10; 11; 3; 8; 9; 2; 14; 15]G3 ;
[0; 16; 17; 1; 12; 13; 3; 18; 19]G3 ; [4; 10; 11; 7; 8; 9; 6; 14; 15]G3 ;
[1; 14; 15; 3; 16; 17; 2; 18; 19]G3 ; [4; 8; 9; 5; 10; 11; 6; 12; 13]G3 ;
[4; 16; 17; 5; 12; 13; 7; 18; 19]G3 ; [0; 8; 9; 1; 10; 11; 2; 12; 13]G3 :
Table 2
[0; 1; 2; 3; 4; 5; 6; 7; 8]G3 ; [0; 3; 4; 7; 1; 2; 5; 9; 10]G3 ; [0; 5; 11; 4; 1; 2; 9; 6; 12]G3 ;
[1; 2; 6; 10; 7; 8; 5; 11; 12]G3 ; [6; 2; 11; 8; 1; 4; 10; 3; 12]G3 ; [9; 3; 10; 11; 2; 7; 12; 4; 8]G3 :
Table 3
[0; 1; 2; 3; 4; 5; 6; 7; 8]G4 ; [0; 3; 6; 9; 10; 4; 8; 11; 12]G4 ; [7; 9; 12; 5; 1; 10; 6; 11; 2]G4 ;
[0; 4; 10; 7; 1; 3; 8; 5; 9]G3 ; [2; 4; 10; 12; 1; 3; 11; 5; 9]G3 :
Table 4
(1; 2; 3; 4; 5; 7; 9; 12); (1; 3; 5; 6; 7; 8; 10; 11); (2; 4; 6; 8; 9; 10; 12; 11);
(1; 2; 3; 4; 6; 7; 9; 12); (1; 3; 5; 6; 8; 9; 10; 11); (2; 4; 5; 7; 8; 10; 12; 11);
(1; 2; 3; 4; 6; 8; 9; 12); (1; 3; 5; 7; 8; 10; 12; 11); (2; 4; 5; 6; 7; 9; 10; 11);
(1; 2; 3; 4; 6; 8; 10; 11); (1; 3; 5; 6; 7; 8; 9; 12); (2; 4; 5; 7; 9; 10; 12; 11);
(1; 2; 3; 4; 6; 8; 10; 12); (1; 3; 5; 6; 7; 9; 10; 11); (2; 4; 5; 7; 8; 9; 12; 11);
(1; 2; 3; 5; 6; 7; 9; 12); (1; 3; 4; 6; 8; 10; 12; 11); (2; 4; 5; 7; 8; 9; 10; 11);
(1; 2; 3; 5; 6; 8; 9; 12); (1; 3; 4; 5; 7; 8; 10; 11); (2; 4; 6; 7; 9; 10; 12; 11);
(1; 2; 3; 5; 6; 8; 10; 11); (1; 3; 4; 5; 7; 9; 10; 12); (2; 4; 6; 7; 8; 9; 12; 11):
Proof: See Appendix B.
Lemma 14. I 46 (13) = {0; 1; 2; : : : ; 11; 13}.
Proof: Let the vertex set of K13 be {0; 1; : : : ; 12}. To prove {1; 3; 5; 7; 9; 11}⊂ I 46 (13)
we decompose K13 into one 6-cycle (3; 8; 7; 9; 11; 12) and six copies of G3 as shown
in Table 2. To prove {0; 2; 3 : : : 11; 13}⊂ I 46 (13) Hrst we note that the graph G4 (see
Fig. 4) admits a T 46 (3) (the proof is left for the reader). We denote this graph by
[1; 2; 3; 4; 5; 6; 7; 8; 9]G4 . Then we decompose K13 into two copies of G3 and three copies
of G4 as shown in Table 3. Now the result follows by Lemma 4.
Lemma 15. I 88 (17) = {0; 1; 2; : : : ; 15; 17}.
Proof: First, we note that the graph G5 (see Fig. 5) admits a T 88 (2) (see Corollary 7)
and the graph G6 admits a T 88 (3) (Fig. 6) (see Table 4).
We denote the graphs G5 and G6 by [1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12]G5 and [1; 2; 3; 4;
5; 6; 7; 8; 9; 10; 11; 12]G6 , respectively.
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Fig. 5. G5. Fig. 6. G6.
Table 5
[0; 3; 4; 15; 2; 10; 16; 8; 11; 14; 9; 13]G5 ; [0; 5; 7; 11; 3; 4; 12; 2; 10; 13; 8; 15]G5 ;
[0; 6; 14; 12; 9; 13; 4; 7; 8; 3; 10; 16]G5 ; [1; 5; 11; 2; 6; 14; 7; 10; 15; 9; 8; 16]G5
[7; 5; 13; 9; 11; 6; 10; 1; 14; 15; 12; 16]G6 ; [13; 3; 1; 9; 7; 2; 8; 10; 5; 4; 6; 16]G6 ;
[0; 1; 2; 4; 3; 14; 5; 6; 15; 8; 12; 11]G6 :
Table 6
[0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11]G5 ; [0; 3; 4; 7; 1; 2; 5; 8; 9; 12; 6; 13]G5 ;
[0; 5; 7; 10; 1; 2; 4; 8; 9; 3; 12; 14]G5 ; [0; 8; 9; 1; 2; 6; 11; 3; 4; 10; 15; 16]G5 ;
[1; 11; 12; 5; 4; 7; 13; 2; 3; 6; 14; 15]G5 ; [2; 8; 9; 13; 5; 11; 15; 3; 4; 16; 12; 14]G5 ;
[11; 7; 8; 15; 2; 9; 16; 5; 13; 14; 10; 12]G5 ; [12; 4; 7; 14; 8; 11; 16; 1; 6; 13; 10; 15]G5 :
Now let the vertex set of K17 be {0; 1; : : : ; 16}. To prove {0; 2; 3; : : : ; 15; 17}⊂ I 88 (17)
we decompose K17 into four copies of G5 and three copies of G6 as shown in
Table 5.
To prove {1; 3; : : : ; 15; 17}⊂ I 88 (17) we decompose K17 into (6; 9; 14; 15; 16; 7; 8; 10)
and eight copies of G5 as shown in Table 6.
4. Main result; m odd
The following lemma deals with trades of volume 2 when the cycle length is odd.
The proof of this lemma is similar to that of Lemma 5.
Lemma 16. (1) Let m=4t+1¿9 and =22t−2. Suppose C1 = (a1; a2; a3; : : : ; am) and
C2 = (b1; b2; b3; : : : ; bm) are two m-cycles such that
(i) ai = bi for i ∈ A= {1; 3; 5; : : : ; 2t − 1};
(ii) ai+1 = bi for i ∈ B1 = {2t; 2t + 2; 2t + 4; : : : ; 4t − 2}; and
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Fig. 7. m = 13. Fig. 8. m = 11.
(iii) {ai| i ∈ A ∪ B2} ∩ {bi| i ∈ A ∪ B1} = ∅; where B2 = {2t + 1; 2t + 3; 2t + 5; : : : ;
4t − 1} (see Fig. 7).
Then C1 ∪ C2 admits a Tm(2).
(2) Let m = 4t + 3¿11 and  = 22t−2. Suppose C1 = (a1; a2; a3; : : : ; am) and
C2 = (b1; b2; b3; : : : ; bm) are two m-cycles such that
(i) ai = bi for i ∈ A= {1; 3; 5; : : : ; 2t − 1};
(ii) ai = bi+1 for i ∈ B1 = {2t + 3; 2t + 5; 2t + 7; : : : ; 4t + 1}; and
(iii) {ai| i ∈ A∪B1}∩{bi| i ∈ A∪B2}=∅; where B2 ={2t+4; 2t+6; 2t+8; : : : ; 4t+2}
(see Fig. 8).
Then C1 ∪ C2 admits a Tm(2).
Proof: First note that there are 22t−1 distinct m-cycles in C1 ∪ C2. Since an m-cycle
system of C1 ∪ C2 contains two cycles it follows that there are 22t−2 distinct m-cycle
systems of C1 ∪ C2.
Similarly, one can prove the following lemma which deals with trades of volume 3
when the cycle length is odd.
Lemma 17. Let m¿9 be odd and let C1 = (a1; a2; a3; : : : ; am); C2 = (b1; b2; b3; : : : ; bm)
and C3 = (c1; c2; c3; : : : ; cm) be three m-cycles such that C1 and C3 are vertex disjoint
sets. Moreover;
(1) if m= 4t + 1 then
(i) C1 and C2 satisfy the conditions in part (1) of Lemma 16;
(ii) b2t+i = ci for i ∈ A1 = {1; 3; 5; : : : ; 2t − 1}; and
(iii) b2t+i+1 = ci for i ∈ B1 = {2t; 2t + 2; 2t + 4; : : : ; 4t − 2};
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Fig. 9. m = 13. Fig. 10. m = 11.
Table 7
(9; 2; 1; 4; 3); (1; 3; 6; 2; 5); (1; 7; 3; 2; 8):
(9; 2; 1; 7; 3); (1; 3; 6; 2; 8); (1; 4; 3; 2; 5):
(9; 2; 5; 1; 3); (1; 2; 6; 3; 7); (1; 4; 3; 2; 8):
(9; 2; 8; 1; 3); (1; 2; 6; 3; 4); (1; 5; 2; 3; 7):
(iv) {bi| i ∈ A2 ∪ B2} ∩ {ci| i ∈ A1 ∪ B1} = ∅; where A2 = {2t + 1; 2t + 3; 2t +
5; : : : ; 4t − 1} and B2 = {4t + 1; 4t + 3; 4t + 5; : : : ; 6t − 1} (see Fig. 9).
and
(2) if m= 4t + 3 then
(i) C1 and C2 satisfy the conditions in part (2) of Lemma 16;
(ii) b2t+i+2 = ci for i ∈ A1 = {1; 3; 5; : : : ; 2t − 1}; and
(iii) b2t+i+1 = ci for i ∈ B1 = {2t + 4; 2t + 6; 2t + 8; : : : ; 4t + 2}.
(iv) {bi | i ∈ A2 ∪ B2} ∩ {ci| i ∈ A1 ∪ B1} = ∅; where A2 = {2t + 3; 2t + 5; 2t +
7; : : : ; 4t + 1} and B2 = {4t + 5; 4t + 7; 4t + 9; : : : ; 6t + 3} (see Fig. 10).
Then C1 ∪ C2 ∪ C3 admits a Tm(3); where ¿22t−2.
(Here; addition of subscripts is modulo m.)
Lemma 18. There exist four 5-cycle decompositions of K5;5;5 having k cycles in
common; where k ∈ {0; 3; 6; 9; 12; 15}.
Proof: Let the vertex set of K5;5;5 be {ij| 06i64 and 16j63} with the obvious
vertex partition. Then the ‘starter’ [01; 03; 13; 02; 11; 21; 43; 12; 22]G7 modulo 5 yields
a decomposition of K5;5;5 into Hve copies of G7 (see Fig. 11). We denote G7 by
[1; 2; 3; 4; 5; 6; 7; 8; 9]G7 .
Since this graph admits a T 45 (3) (see Table 7) we have {0; 3; 6; 9; 12; 15}⊆ I 45 (K5; 5; 5)
by Lemma 4.
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Fig. 11. G7.
Table 8
(01; 02; 13; 62; 23; 11; 33); (01; 53; 11; 02; 21; 62; 63):
(01; 02; 13; 62; 23; 11; 53); (01; 33; 11; 02; 21; 62; 63):
(01; 02; 21; 62; 23; 11; 33); (01; 53; 11; 02; 13; 62; 63):
(01; 02; 21; 62; 23; 11; 53); (01; 33; 11; 02; 13; 62; 63):
Table 9
(01; 02; 13; 62; 23; 11; 33); (01; 53; 11; 02; 21; 62; 63); (01; 22; 11; 13; 42; 23; 32):
(01; 02; 13; 42; 23; 11; 53); (01; 33; 11; 13; 62; 23; 32); (01; 63; 62; 21; 02; 11; 22):
(01; 02; 13; 42; 23; 11; 22); (01; 33; 11; 02; 21; 62; 63); (01; 53; 11; 13; 62; 23; 32):
(01; 02; 21; 62; 23; 11; 33); (01; 53; 11; 02; 13; 62; 63); (01; 22; 11; 13; 42; 23; 32):
(01; 02; 21; 62; 23; 11; 53); (01; 33; 11; 13; 42; 23; 32); (01; 63; 62; 13; 02; 11; 22):
(01; 02; 21; 62; 23; 11; 22); (01; 33; 11; 02; 13; 62; 63); (01; 53; 11; 13; 42; 23; 32):
Lemma 19. There exist four 7-cycle decompositions of K7;7;7 having k cycles in
common; where k ∈ {0; 1; 2; 3; : : : ; 19; 21}.
Proof: For a 7-cycle decomposition of K7;7;7, take the 21 cycles as follows (see
also [1]).
ai : (i1; i2; (1 + i)3; (6 + i)2; (2 + i)3; (1 + i)1; (3 + i)3);
bi : (i2; i3; (1 + i)1; (6 + i)3; (2 + i)1; (1 + i)2; (3 + i)1);
ci : (i3; i1; (1 + i)2; (6 + i)1; (2 + i)2; (1 + i)3; (3 + i)2);
06i66, addition modulo 7.
A 4-way trade of size 2, on the cycles a0 and b6, and a 6-way trade of size 3, on
the cycles a0, b6 and c1, are given in Tables 8 and 9. Each of these trades can clearly
be cycled (mod 7). Using Lemma 4 it is now straightforward to see that I 47 (K7;7;7) =
{0; 1; 2; : : : ; 19; 21}.
Lemma 20. There exist eight 9-cycle decompositions of K9;9;9 having k cycles in
common; where k ∈ {0; 1; 2; 3; : : : ; 25; 27}.
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Proof: First note that K9;9;9 can be decomposed into 27 copies of K3;3;3. Now applying
Lemma 4 with the fact I 89 (K3;3;3)={0; 1; 3} (see Appendix B) we obtain all the required
intersection numbers.
The corresponding result to Theorem 9 above, now that m is odd, is the following.
Theorem 21. Let m¿5 be odd. If m = 5; 7; 9; let  = 4; 4; 8; respectively; otherwise
let  be given by Lemma 16. Then there exist  decompositions of Km;m;m into 3m
cycles of length m; having k cycles in common; for all k ∈{0; 1; 2; 3; : : : ; 3m − 2; 3m}
if m = 5 and k ∈ {0; 3; 6; 9; 12; 15} otherwise.
Proof: When m = 5; 7; 9 we apply Lemmas 18, 19 and 20, respectively. For m¿11
we proceed as follows. Consider the decomposition of Km;m;m into m-cycles given in
Appendix A. (See also [5] or [1].)
The case m ≡ 1 (mod 4): Let the m-cycle (1) in Appendix A be labelled i for
i = 0; 1; 2; : : : ; 4s. Then the cycles j and j + s; 06j63s − 1, satisfy the assumptions
of Lemma 17, part (1). So the union of these two cycles admits a Tm(2). Moreover,
the cycles 0, s and 2s satisfy the assumptions of Lemma 16, part (1). So the union
of these three cycles admits a Tm(3). Now applying Lemma 4 with the sets of -way
trades given in [1, p. 445], enables all possible -way trade volumes to be built up.
The case m ≡ 3 (mod 4): Let the m-cycle (2) in Appendix A be labelled i for
i=0; 1; 2; : : : ; 4s+2. Then the cycles j and j+s+1; 06j63s+1, satisfy the assumptions
of Lemma 16, part (2). So the union of these two cycles admits a Tm(2). Moreover,
the cycles 0; s + 1 and 2s+ 2 satisfy the assumptions of Lemma 16, part (2). So the
union of these three cycles admits a Tm(3). Now applying Lemma 4 with the sets of
-way trades given in [1, p. 445], enables all possible -way trade sizes to be built
up.
Similar to Theorem 10 we have the following result for m odd.
Theorem 22. Let m¿5 be odd. If m = 5; 7; 9 let  = 4; 4; 8; respectively; otherwise
let  be given by Lemma 16. Suppose that v¿m is a positive integer and de4ne
J m(v) = {0; 1; 2; : : : ; t − 2; t = v(v− 1)=2m}.
(i) If J m(2m + 1) = I

m(2m + 1) and 0 ∈ Im(4m + 1) if n ≡ 2 (mod 3) then
J m(2mn+ 1) = I

m(2mn+ 1) for all n¿3.
(ii) If J m(m) = I

m(m) and J

m(5m) = I

m(5m) then J

m((2n+ 1)m) = I

m((2n+ 1)m) for
all n¿0.
Proof: (i) Let the vertex set of K2mn+1 be
{∞} ∪ {(i; j) | 16i62n; 16j6m}:
One m-cycle system of K2mn+1 is constructed as follows. If n≡ 0; 1 (mod 3), on
V = {∞} ∪ {(2i − 1; j); (2i; j) | 16j6m}, for each i = 1; 2; 3; : : : ; n, place an m-cycle
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system of K2m+1, (V; Ci). If n ≡ 2 (mod 3), on V = {∞} ∪ {(2i − 1; j); (2i; j) |
16j6m}, for each i = 1; 2; 3; : : : ; n − 2, place an m-cycle system of K2m+1, (V; Ci).
Moreover, on V = {∞} ∪ {(2n − 3; j); (2n − 2; j); (2n − 1; j); (2n; j) | 16j6m}, place
an m-cycle system of K4m+1, (V; Cn−1).
On {i | 16i62n}, place a (3; 1; 2; 2n)GDD with the groups {2i− 1; 2i}, 16i6n, if
n ≡ 0; 1(mod 3) or a (3; 1; {2; 4∗}; 2n)GDD with the groups {2i−1; 2i}, 16i6n−2, and
{2n−3; 2n−2; 2n−1; 2n}, if n ≡ 2 (mod 3). This requires 2n to be at least 6, if there is
more than one group (see [4]). For each block B={x; y; z} of the group divisible design
(GDD), on the vertex set W={(x; j) | 16j6m}∪{(y; j) | 16j6m}∪{(z; j) | 16j6m}
form an m-cycle decomposition of Km;m;m, (W;CB). Then the cycles
⋃n
i=1 Ci ∪
⋃
B CB
if n ≡ 0; 1 (mod 3) or the cycles ⋃n−1i=1 Ci ∪⋃B CB if n ≡ 2 (mod 3) form an m-cycle
decomposition of K2mn+1. The other  − 1 m-cycle systems of K2mn+1, on the same
vertex set and having k cycles in common, can be constructed in the same way. If
n ≡ 0; 1 (mod 3); n¿3, then k may take any value∑
16i6n
yi +
∑
16i6b
zi;
where yi ∈ Im(2m+1); zi ∈{0; 1; 2; 3; : : : ; 3m−2; 3m} if m =5 and zi ∈{0; 3; 6; 9; 12; 15}
otherwise, and b = 2n(n − 1)=3, the number of blocks in the (3; 1; 2; 2n)GDD. If n ≡
2 (mod 3); n¿5, then k may take any value
x +
∑
16i6n−2
yi +
∑
16i6b′
zi;
where x ∈ {0; 2(4m + 1)}; yi ∈ Im(2m + 1); zi ∈ {0; 1; 2; 3; : : : ; 3m − 2; 3m} if m = 5
and zi ∈ {0; 3; 6; 9; 12; 15} otherwise, and b′ = 2(n2 − n − 2)=3, the number of blocks
in the (3; 1; {2; 4∗}; 2n)GDD.
Thus, provided n¿3, k may take any value in
{0; 1; 2; 3; : : : ; n(2mn+ 1)− 2; n(2mn+ 1)}:
Hence J m(2mn+ 1) = I

m(2mn+ 1) for all n¿3.
(ii) Let the vertex set of K2mn+m be
{(i; j) | 16i62n+ 1; 16j6m}:
If 2n+ 1 ≡ 1; 3(mod 6), there is a Steiner triple system of order 2n+ 1; place this
on the set {i | 16i62n+1}. Then for each block {x; y; z} of the Steiner triple system,
place on
W = {(x; j) | 16j6m} ∪ {(y; j) | 16j6m} ∪ {(z; j) | 16j6m} (∗)
a decomposition of Km;m;m, and on {(i; j) | 16j6m}, for each i = 1; 2; 3; : : : ; 2n + 1,
place an m-cycle system of Km.
The other  − 1 m-cycle systems of K(2n+1)m can be constructed in the same way;
these can have k cycles in common, where k may take any value in∑
16i62n+1
yi +
∑
16i6b
zi;
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where yi ∈ Im(m); zi ∈ {0; 1; 2; 3; : : : ; 3m − 2; 3m} if m = 5 and zi ∈ {0; 3; 6; 9; 12; 15}
otherwise, and b= n(2n+ 1)=3.
If 2n + 1 ≡ 5 (mod 6) we use a GDD with block size 3 and with one group
{1; 2; 3; 4; 5} of size 5 and the remaining groups all of size 1. Then on {(i; j) | 16i65;
16j6m} we place an m-cycle system of K5m, and for each block {x; y; z} of the GDD,
on W (see (*) above), place a decomposition of Km;m;m. Also, on {(i; j) | 16j6m},
i = 6; 7; 8; : : : ; 2n+ 1, place an m-cycle system of Km.
By repeating this construction we may obtain  m-cycle systems of K(2n+1)m with k
common cycles, where k may take any value in
x +
∑
66i62n+1
yi +
∑
16i6b′
zi;
where x ∈ Im(5m), yi ∈ Im(m), zi ∈ {0; 2; 4; : : : ; 3m−2; 3m}, and b′=(n−2)(2n+5)=3.
Thus J m((2n+ 1)m) = I

m((2n+ 1)m) for n= 1 or n¿3.
5. 5-cycle, 7-cycle and 9-cycle systems
In this section we settle the intersection problem for  m-cycle systems, where
(; m) ∈ {(4; 5); (4; 7); (8; 9)}. So the spectra here are, respectively, v ≡ 1; 5 (mod 10),
v ≡ 1 or 7(mod 14) and v ≡ 1; 9 (mod 18). Therefore, by Theorem 22 it suKces to
show that I 45 (v)=J
4
5 (v) for v=11; 21; 25; I
4
7 (v)=J
4
7 (v) for v=7; 15; 29; 35; and I
8
9 (v)=
J 89 (v) for v=9; 19; 37; 45. (As in Theorem 22, J

m(v)={0; 1; 2; : : : ; t−2; t=v(v−1)=2m}
for (; m) ∈ {(4; 5); (4; 7); (8; 9)}.) Note that by Lemma 3, I 65 (5) = {0; 2}.
Lemma 23. I 45 (11) = {0; 1; 2; 3; : : : ; 9; 11}.
Proof: Let the vertex set of K11 be {0; 1; 2; : : : ; 10}. This graph can be decom-
posed into two Hve cycles (0; 4; 7; 1; 10) and (3; 7; 10; 4; 9) and three copies of G7 as
follows: [0; 1; 2; 3; 4; 5; 6; 7; 8]G7 ; [1; 2; 4; 5; 0; 7; 9; 6; 8]G7 ; and [2; 4; 7; 8; 3; 5; 10; 6; 9]G7 .
This leads to 2; 5; 8; 11 ∈ I 45 (11). The remaining intersection numbers are given in
Appendix B.
Lemma 24. I 45 (21) = {0; 1; 2; 3; : : : ; 40; 42}.
Proof: Let the vertex set of K21 be {0; 1; 2; : : : ; 20}. Let H1 and H2 be two com-
plete graphs on vertex sets {0; 1; 2; 3; 4} and {0; 5; 6; 7; 8}, respectively. Finally, let
the set I consist of the 5-cycles (2; 19; 10; 14; 20); (3; 18; 16; 6; 19); (6; 18; 15; 10; 20);
(7; 13; 17; 10; 18); and (9; 16; 11; 13; 18). We decompose K21\(H1∪H2∪I) into 11 copies
of G7 as shown in Table 10. This will take care of all intersection numbers except
0; 1; 2; 3; 4 and 6.
Since there exists a (21; 5; 1) BIBD and I 65 (5)={0; 2}, it follows that {0; 2; 4; : : : ; 42}
⊂ I 45 (21). Next, we decompose K21, with vertex set {ij| 06i66 and 16j63}, into
14 copies of G7 cyclically (mod 7) using the starters [01; 11; 21; 02; 31; 51; 03; 41; 12]G7
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Table 10
[0; 9; 10; 11; 1; 2; 12; 13; 14]G7 ; [0; 15; 16; 17; 1; 2; 18; 19; 20]G7 ;
[1; 5; 6; 9; 2; 3; 10; 7; 8]G7 ; [1; 13; 14; 15; 2; 3; 16; 19; 20]G7 ;
[5; 16; 18; 14; 6; 9; 17; 19; 20]G7 ; [2; 5; 6; 13; 3; 4; 14; 7; 8]G7 ;
[4; 5; 6; 10; 12; 13; 16; 7; 8]G7 ; [4; 9; 18; 12; 5; 6; 15; 19; 20]G7 ;
[3; 5; 6; 11; 4; 7; 17; 8; 12]G7 ; [7; 15; 19; 9; 8; 13; 20; 3; 12]G7 ;
[8; 15; 18; 11; 14; 20; 19; 12; 13]G7 :
and [02; 12; 22; 43; 61; 03; 53; 41; 42]G7 : This leads to {0; 3; 6; : : : ; 42} ⊂ I 45 (21). Finally,
Appendix B shows that 1 ∈ I 45 (21).
Lemma 25. I 45 (25) = {0; 1; 2; 3; : : : ; 58; 60}.
Proof: Let the vertex set of K5;5;5;5;5 be
⋃5
j=1{ij| 06i64} with the obvious vertex par-
tition. We decompose this graph into 15 copies of G7 by cycling [01; 02; 12; 03; 11; 21; 04;
22; 32]G7 ; [01; 13; 05; 42; 04; 34; 23; 25; 35]G7 and [03; 35; 45; 24; 11; 22; 25; 42; 44]G7 ; modulo
5 and Hve 5-cycles by cycling (01; 24; 15; 22; 45) modulo 5. Since K25 can be decom-
posed into a K5;5;5;5;5 and Hve copies of a K5, we Hnd all the intersection numbers
except 0, 1, 2, 3, 4, and 6. Next, since there exists a (25; 5; 1) BIBD and I 65 (5)={0; 2},
it follows that {0; 2; 4; : : : ; 60} ⊂ I 45 (21). This leaves the intersection numbers 1 and 3.
To show that 3 ∈ I 45 (25), we decompose a K25 into 20 copies of G7 by cycling
[01; 11; 21; 02; 31; 41; 03; 33; 43]G7 ; [01; 04; 14; 24; 31; 41; 05; 35; 45]G7 ;
[02; 12; 13; 04; 22; 03; 45; 32; 24]G7 ; and [02; 14; 35; 33; 04; 44; 05; 23; 43]G7 ;
modulo 5. Finally, to prove 1 ∈ I 45 (25), we decompose K25 into two copies of K5, one
5-cycle and one copy of H =K25\(K5 ∪K5 ∪C5). Since the graph H admits a T 45 (55)
(see Appendix B) the result follows.
Lemma 26. I 47 (7) = {0; 1; 3}.
Proof: Obviously, 3∈ I 47 (7), and by Lemma 3 we have 0 ∈ I 47 (7). The remaining
intersection number is given in Appendix B.
Lemma 27. I 47 (15) = {0; 1; 2; : : : ; 13; 15}.
Proof: First, we note that the graph G8 in Fig. 12 admits a T 47 (2). Now let the vertex set
of K15 be {0; 1; 2; : : : ; 14} and of K7 be {4; 8; 9; 11; 12; 13; 14}. We decompose K15\K7
into six copies of G8 as shown in Table 11. This takes care of all the intersection
numbers except one.
To prove 1 ∈ I 47 (15), we decompose K15\{(0; 5; 14; 13; 12; 4; 11)} into seven copies
of G8 as shown in Table 12.
Lemma 28. I 47 (29) = {0; 1; 2; : : : ; 56; 58}.
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Fig. 12. G8.
Table 11
[11; 3; 12; 2; 5; 7; 6; 13; 1; 10; 14]G8 ; [8; 3; 10; 1; 9; 7; 12; 5; 6; 2; 13]G8 ;
[0; 1; 2; 4; 5; 10; 7; 3; 14; 6; 9]G8 ; [2; 5; 13; 9; 11; 0; 6; 12; 10; 8; 7]G8 ;
[2; 11; 10; 6; 7; 4; 3; 13; 0; 8; 5]G8 ; [4; 2; 12; 8; 9; 1; 6; 3; 0; 5; 14]G8 :
Table 12
[0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10]G8 ; [0; 2; 3; 4; 5; 7; 1; 6; 9; 11; 10]G8 ;
[0; 3; 4; 6; 7; 2; 9; 1; 10; 8; 11]G8 ; [0; 4; 6; 8; 9; 5; 1; 11; 12; 2; 13]G8 ;
[0; 6; 8; 10; 11; 3; 12; 1; 14; 4; 13]G8 ; [0; 7; 9; 11; 12; 14; 2; 10; 13; 8; 3]G8 ;
[6; 14; 7; 9; 10; 12; 5; 11; 13; 1; 8]G8 :
Table 13
(0; 1; 5; 10; 3; 14; 6), (3; 5; 8; 20; 6; 22; 13), (3; 4; 8; 13; 6; 17; 9).
(0; 1; 5; 3; 9; 17; 6), (3; 4; 8; 13; 22; 6; 14), (3; 10; 5; 8; 20; 6; 13).
(0; 1; 5; 3; 13; 22; 6), (3; 4; 8; 13; 6; 17; 9), (3; 10; 5; 8; 20; 6; 14).
(0; 1; 5; 10; 3; 13; 6), (3; 4; 8; 20; 6; 17; 9), (3; 5; 8; 13; 22; 6; 14).
Proof: For a 7-cycle decomposition of K29, take the 58 cycles as follows:
ai : (i; i + 1; i + 5; i + 10; i + 3; i + 14; i + 6);
bi : (i; i + 2; i + 5; i + 17; i + 3; i + 19; i + 10);
06i628, addition modulo 29. Using Lemma 5 it is easy to see that for each 06i628,
the union of cycles ai and bi admits a T 47 (2). So by Lemma 4, {0; 2; 4; : : : ; 56; 58}⊆
I 47 (K29). A 4-way trade of size 3, on the cycles a0, a3 and b3, is given in Table 13.
Now it is straightforward to check that I 47 (29) = {0; 1; 2; : : : ; 54; 56}.
Lemma 29. I 47 (35) = {0; 1; 2; : : : ; 83; 85}.
Proof: First note that K35 can be decomposed into one copy of K7;7;7;7;7 and Hve
copies of K7. Appendix B shows that {0; 14; 28; 42; 56}⊆ I 47 (K7;7;7;7;7) and Lemma 26
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Fig. 13. G9. Fig. 14. G10.
Table 14
[0; 4; 6; 7; 9; 1; 10; 12; 2; 13; 5; 17; 15; 11]G9 ;
[0; 5; 9; 11; 14; 16; 3; 7; 10; 13; 1; 18; 17; 4]G9 ;
[0; 6; 18; 9; 12; 16; 10; 13; 14; 1; 17; 7; 8; 15]G9 ;
[5; 15; 17; 13; 14; 0; 8; 9; 3; 11; 4; 12; 18; 10]G9 ;
[5; 18; 8; 11; 12; 7; 13; 14; 9; 15; 0; 16; 17; 2]G9 ;
[0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18]G10 ;
[0; 2; 3; 4; 5; 8; 1; 10; 6; 7; 9; 12; 11; 14; 13; 15; 16; 18; 17]G10 ;
[0; 3; 4; 6; 7; 2; 8; 9; 11; 1; 5; 10; 12; 15; 14; 13; 17; 18; 16]G10 :
shows that {0; 1; 3} = I 47 (7). Now applying Lemma 4 gives us all the intersection
numbers.
Lemma 30. I 89 (9) = {0; 1; 2; 4}.
Proof: Obviously, 4 ∈ I 89 (9) and by Lemma 3 we have 0 ∈ I 89 (9). The other two
intersection numbers are given in Appendix B.
Lemma 31. I 89 (19) = {0; 1; 2; : : : ; 17; 19}.
Proof: Let the vertex set of K19 be {0; 1; 2; : : : ; 18}. We decompose a K19 into Hve
copies of G9 (see Fig. 13) and three copies of G10 (see Fig. 14) as shown in Table 14.
This takes care of all the intersection numbers except one.
To prove 1 ∈ I 89 (19) we decompose K19 into one 9-cycle (0; 11; 18; 9; 10; 16; 7; 15; 13)
and nine copies of the graph G9, as shown in Table 15.
Lemma 32. I 89 (37) = {0; 1; 2; : : : ; 72; 74}.
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Table 15
[15; 16; 18; 11; 13; 9; 7; 12; 10; 5; 17; 3; 8; 6]G9 ; [9; 8; 15; 5; 12; 13; 2; 6; 18; 1; 10; 4; 17; 14]G9 ;
[0; 1; 2; 3; 4; 5; 6; 7; 11; 8; 13; 10; 12; 14]G9 ; [0; 2; 3; 4; 5; 11; 1; 10; 6; 7; 8; 14; 9; 15]G9 ;
[0; 3; 4; 7; 8; 1; 5; 9; 14; 2; 6; 12; 11; 15]G9 ; [0; 4; 6; 7; 8; 2; 9; 11; 3; 10; 15; 17; 12; 1]G9 ;
[0; 5; 9; 12; 15; 18; 4; 7; 13; 1; 14; 16; 11; 17]G9 ; [1; 16; 6; 5; 8; 18; 10; 13; 17; 7; 0; 15; 12; 2]G9 ;
[2; 17; 4; 8; 9; 0; 6; 18; 14; 7; 12; 16; 13; 3]G9 :
Table 16
(0; 1; 3; 6; 2; 7; 13; 4; 11); (4; 5; 7; 10; 6; 11; 17; 8; 15); (4; 20; 7; 24; 6; 29; 17; 9; 31):
(0; 1; 3; 6; 2; 7; 13; 4; 11); (4; 5; 7; 10; 6; 11; 17; 9; 31); (4; 15; 8; 17; 29; 6; 24; 7; 20):
(0; 1; 3; 6; 2; 7; 20; 4; 11); (4; 5; 7; 10; 6; 11; 17; 8; 15); (4; 13; 7; 24; 6; 29; 17; 9; 31):
(0; 1; 3; 6; 10; 7; 5; 4; 11); (2; 6; 11; 17; 9; 31; 4; 20; 7); (4; 13; 7; 24; 6; 29; 17; 8; 15):
(0; 1; 3; 6; 10; 7; 13; 4; 11); (2; 6; 11; 17; 8; 15; 4; 20; 7); (4; 5; 7; 24; 6; 29; 17; 9; 31):
(0; 1; 3; 6; 10; 7; 20; 4; 11); (2; 6; 11; 17; 9; 31; 4; 13; 7); (4; 5; 7; 24; 6; 29; 17; 8; 15):
(0; 1; 3; 6; 24; 7; 5; 4; 11); (2; 6; 11; 17; 8; 15; 4; 13; 7); (4; 20; 7; 10; 6; 29; 17; 9; 31):
(0; 1; 3; 6; 24; 7; 13; 4; 11); (2; 6; 11; 17; 9; 31; 4; 5; 7); (4; 15; 8; 17; 29; 6; 10; 7; 20):
Proof: For a 9-cycle decomposition of K37, take the 74 cycles as follows:
ai : (i; i + 1; i + 3; i + 6; i + 2; i + 7; i + 13; i + 4; i + 11);
bi : (i; i + 16; i + 3; i + 20; i + 2; i + 25; i + 13; i + 5; i + 27);
06i636, addition modulo 37. Using Lemma 5 it is easy to see that for each 06i636,
the union of cycles ai and bi admits a T 89 (2). So by Lemma 4, {0; 2; 4; : : : ; 72; 74}
⊆ I 89 (K37). An 8-way trade of size 3, on the cycles a0, a4 and b4, is given in Table 16.
Now it is straightforward to check that I 89 (37) = {0; 1; 2; : : : ; 72; 74}.
Lemma 33. I 89 (45) = {0; 1; 2; : : : ; 108; 110}.
Proof: First note that K45 can be decomposed into Hve copies of K9 and 30 copies
of K3;3;3 (details are left for the reader). Appendix B shows that I 89 (K3;3;3) = {0; 1; 3}
and Lemma 30 shows that I 89 (9)={0; 1; 2; 4}. Now applying Lemma 4 gives us all the
intersection numbers.
Appendix A.
Decomposition of K2m;2m into m-cycles: We deal separately with m ≡ 0 (mod 4) and
m ≡ 2 (mod 4).
(I) Let m = 4M . The following is a decomposition of K8M;8M into 16M cycles of
length 4M , where the element set is {1; 2; 3; : : : ; 8M} ∪ {1; 2; 3; : : : ; 8M}.
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Cycles are A0 ∪ A1 ∪ A2 ∪ A3 where Ai contains the following 4M cycles of length
4M :
Ai


1: (1 + 2Mi; 1; 2 + 2Mi; 2; 3 + 2Mi; 3; : : : ;
2M + 2Mi; 2M)
2: (1 + 2Mi; 3; 2 + 2Mi; 4; 3 + 2Mi; 5; : : : ;
2M + 2Mi; 2M+ 2)
3: (1 + 2Mi; 5; 2 + 2Mi; 6; 3 + 2Mi; 7; : : : ;
2M + 2Mi; 2M+ 4)
: : :
: : :
: : :
4M − 1: (1 + 2Mi; 8M− 3; 2 + 2Mi; 8M− 2; 3 + 2Mi; 8M− 1; : : : ;
2M + 2Mi; 2M− 4)
4M : (1 + 2Mi; 8M− 1; 2 + 2Mi; 8M; 3 + 2Mi; 1; : : : ;
2M + 2Mi; 2M− 2):
(II) Let m=4M+2. We take K8M+4;8M+4 on the set {1; 2; 3; : : : ; 8M+4}∪{1; 2; 3; : : : ; 8M+
4}. A decomposition of this into (4M + 2)-cycles is given by the set of cycles
B0 ∪ B1 ∪ B2 ∪ B3 below:
B0


1: (1; 1; 2; 2; 3; 3; : : : ;
2M; 2M; 2M + 1; 6M+ 2)
2: (1; 3; 2; 4; 3; 5; : : : ;
2M; 2M+ 2; 2M + 1; 6M+ 4)
3: (1; 5; 2; 6; 3; 7; : : : ;
2M; 2M+ 4; 2M + 1; 6M+ 6)
: : :
: : :
: : :
2M + 1: (1; 4M+ 1; 2; 4M+ 2; 3; 4M+ 3; : : : ;
2M; 6M; 2M + 1; 2M− 2)
2M + 2: (1; 4M+ 3; 2; 4M+ 4; 3; 4M+ 5; : : : ;
2M; 6M+ 2; 4M + 2; 2M)
2M + 3: (1; 4M+ 5; 2; 4M+ 6; 3; 4M+ 7; : : : ;
2M; 6M+ 4; 4M + 2; 2M+ 2)
: : :
: : :
: : :
4M + 2: (1; 8M+ 3; 2; 8M+ 4; 3; 1; : : : ;
2M; 2M− 2; 4M + 2; 6M):
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B1


1: (2M + 2; 2; 2M + 3; 3; 2M + 4; 4; : : : ;
4M + 1; 2M+1; 4M + 2; 6M+3)
2: (2M + 2; 4; 2M + 3; 5; 2M + 4; 6; : : : ;
4M + 1; 2M+ 3; 4M + 2; 6M+ 5)
: : :
: : :
: : :
2M + 1: (2M + 2; 4M+ 2; 2M + 3; 4M+ 3; 2M + 4; 4M+ 4; : : : ;
4M + 1; 6M+ 1; 4M + 2; 2M− 1)
2M + 2: (2M + 2; 4M+ 4; 2M + 3; 4M+ 5; 2M + 4; 4M+ 6; : : : ;
4M + 1; 6M+ 3; 4M + 2; 2M+ 1)
: : :
: : :
: : :
4M + 2: (2M + 2; 8M+ 4; 2M + 3; 1; 2M + 4; 2; : : : ;
4M + 1; 2M− 1; 4M + 2; 6M+ 1):
Then B2 and B3 are obtained from B0 and B1, respectively, by adding 4M + 2 (mod
8M + 4) to the entries in the Hrst, third, Hfth, : : : , places in each cycle, as written.
Decomposition of Km;m;m into m-cycles: Let the vertices of Km;m;m be
3⋃
i=1
{
0i ;±1i ;±2i ; : : : ;±
(
m− 1
2
)
i
}
:
For a decomposition, take m-cycles as follows.
If m ≡ 1 (mod 4), let m= 4s+ 1 and s¿2. Then for 06i64s, take
((0 + i)1; (1 + i)2; (−1 + i)1; (2 + i)2; : : : ; (s+ i)2; (−s+ i)3; (s+ i)1;
(−(s− 1) + i)2; (s− 1; i)1; : : : ; (2 + i)1; (−1 + i)2; (1 + i)1; (0 + i)2); (1)
and then 2m more cycles, where the main entries are the same as in (1), but the
subscripts are permuted according to the permutation (123).
If m ≡ 3 (mod 4), let m= 4s+ 3 and s¿2. Then for 06i64s+ 2, take
((0 + i)1; (1 + i)2; (−1 + i)1; (2 + i)2; : : : ; (−s+ i)1; (s+ 1 + i)3; (−s+ i)2;
(s; i)1; (−(s− 1); i)2; : : : ; (2 + i)1; (−1 + i)2; (1 + i)1; (0 + i)2); (2)
and then 2m more cycles, where the main entries are the same as in (2), but the
subscripts are permuted according to the permutation (123).
Appendix B.
In this appendix, items appear in increasing order of .
I 34 (9)
Let the vertex set of K9 be {0; 1; : : : ; 8}.
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(1) 0 ∈ I 34 (9).
(0,1,2,3), (0,2,4,5), (0,4,1,6), (0,7,1,8), (1,3,6,5), (2,5,3,7),
(2,6,4,8), (3,4,7,8), (5,7,6,8):
(0,1,3,2), (0,3,4,5), (0,4,1,6), (0,7,1,8), (1,2,6,5), (2,4,6,7),
(2,5,3,8), (3,6,8,7), (4,7,5,8):
(0,1,4,2), (0,3,1,5), (0,4,3,6), (0,7,1,8), (1,2,5,6), (2,3,5,7),
(2,6,4,8), (3,7,6,8), (4,5,8,7):
(2) 1 ∈ I 34 (9).
Let I = {(0; 1; 2; 3)}. Then K9\I admits a T 34 (8).
(2,7,8,5), (8,1,5,6), (6,7,4,1), (2,6,3,8), (5,7,1,3), (0,2,4,5),
(0,4,3,7), (0,6,4,8):
(8,4,5,1), (6,2,8,3), (2,5,6,7), (7,1,6,8), (4,7,3,1), (0,2,4,6),
(0,4,3,5), (0,7,5,8):
(5,8,4,1), (5,7,6,4), (1,6,5,3), (3,8,2,4), (3,7,8,6), (0,2,7,4),
(0,5,2,6), (0,7,1,8):
(3) 2 ∈ I 34 (9).
Let I = {(0; 1; 2; 3); (4; 5; 6; 7)}. Then K9\I admits a T 34 (7).
(3,6,8,7), (2,6,4,8), (1,3,5,8), (1,4,2,7), (0,2,5,7), (0,4,3,8), (0,5,1,6):
(3,6,4,8), (1,3,7,8), (2,5,8,6), (1,4,3,5), (0,2,7,5), (0,4,2,8), (0,6,1,7):
(3,5,7,8), (2,4,6,8), (1,6,2,7), (1,3,4,8), (0,2,5,8), (0,4,1,5), (0,6,3,7):
(4) 3 ∈ I 34 (9).
Let I = {(0; 1; 2; 3); (4; 5; 6; 7); (0; 2; 4; 6)}. Then K9\I admits a T 34 (6).
(2,5,3,7), (1,3,8,5), (3,4,8,6), (1,6,2,8), (0,4,1,7), (0,5,7,8):
(3,5,8,6), (1,4,3,8), (1,3,7,5), (1,6,2,7), (0,4,8,7), (0,5,2,8):
(3,7,5,8), (1,4,8,7), (1,3,6,8), (1,5,2,6), (0,4,3,5), (0,7,2,8):
(5) 4 ∈ I 34 (9).
Let I = {(0; 1; 2; 3); (4; 5; 6; 7); (0; 4; 3; 7); (1; 5; 2; 6)}. Then K9\I admits a T 34 (5).
(0,2,4,6), (0,5,3,8), (1,3,6,8), (1,4,8,7), (2,7,5,8):
(0,2,4,8), (0,5,8,6), (1,3,6,4), (1,7,2,8), (3,5,7,8):
(0,2,7,5), (0,6,4,8), (1,3,8,7), (1,4,2,8), (3,5,8,6):
(6) 5 ∈ I 34 (9).
Let I = {(0; 2; 4; 6); (0; 3; 1; 8); (1; 6; 8; 7); (2; 5; 3; 8); (4; 7; 5; 8)}. Then K9\I admits a
T 34 (4).
(0,1,2,7), (0,4,1,5), (2,3,7,6), (3,4,5,6):
(0,1,4,5), (0,4,3,7), (1,2,6,5), (2,3,6,7):
(0,1,5,4), (0,5,6,7), (1,2,3,4), (2,6,3,7):
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(7) 6 ∈ I 34 (9).
Let I = {(0; 4; 6; 7); (0; 6; 1; 8); (1; 3; 8; 7); (2; 5; 6; 8); (2; 6; 3; 7); (4; 7; 5; 8)}. Then K9\I
admits a T 34 (3).
(0,1,2,3), (0,2,4,5), (1,4,3,5):
(0,1,4,2), (0,3,4,5), (1,2,3,5):
(0,1,4,3), (0,2,1,5), (2,3,5,4):
(8) 7 ∈ I 34 (9).
Let I = {(0; 1; 6; 7); (0; 6; 2; 8); (1; 7; 3; 8); (2; 3; 4; 5); (2; 4; 8; 7); (3; 5; 8; 6); (4; 6; 5; 7)}.
Then K9\I admits a T 34 (2).
(0,2,1,3), (0,4,1,5): (0,2,1,4), (0,3,1,5): (0,2,1,5), (0,3,1,4):
I 45 (11)
Let the vertex set of K11 be {0; 1; : : : ; 10}.
(1) 0 ∈ I 45 (11).
Appropriate decompositions are obtained by cycling the following ‘starter’ cycles
modulo 5.
(0,1,4,2,6): (0,1,4,2,7): (0,1,4,8,2): (0,1,4,8,6):
(2) 1 ∈ I 45 (11).
Let I = {(0; 1; 2; 3; 4)}. Then K11\I admits a T 45 (10).
(0,2,4,1,3), (0,5,1,6,7), (0,6,2,5,8), (0,9,1,7,10), (1,8,2,9,10),
(2,7,3,5,10), (3,6,4,5,9), (3,8,7,4,10), (4,8,10,6,9), (5,6,8,9,7):
(0,2,4,1,5), (0,3,1,6,7), (0,6,2,5,9), (0,8,1,7,10), (1,9,2,8,10),
(2,7,3,6,10), (3,5,4,6,8), (3,9,6,5,10), (4,7,5,8,9), (4,8,7,9,10):
(0,2,4,1,6), (0,3,1,5,7), (0,5,2,6,8), (0,9,1,8,10), (1,7,2,9,10),
(2,8,3,5,10), (3,6,4,7,10), (3,7,6,5,9), (4,5,8,7,9), (4,8,9,6,10):
(0,2,4,1,7), (0,3,1,5,6), (0,5,2,6,9), (0,8,1,6,10), (1,9,2,7,10),
(2,8,3,9,10), (3,5,4,6,7), (3,6,8,4,10), (4,7,8,5,9), (5,7,9,8,10):
(3) 3 ∈ I 45 (11).
Let I = {(0; 1; 2; 3; 4); (5; 6; 7; 8; 9); (0; 3; 6; 9; 10)}. Then K11\I admits a T 45 (8).
(0,2,4,1,5), (0,6,1,3,7), (0,8,1,7,9), (1,9,2,5,10), (2,6,4,5,7),
(2,8,4,7,10), (3,5,8,6,10), (3,8,10,4,9):
(0,2,4,1,6), (0,5,1,3,7), (0,8,2,7,9), (1,7,4,5,8), (1,9,3,5,10),
(2,5,7,10,6), (2,9,4,8,10), (3,8,6,4,10):
(0,2,4,1,7), (0,5,1,3,8), (0,6,2,7,9), (1,6,4,5,8), (1,9,2,8,10),
(2,5,7,3,10), (3,5,10,4,9), (4,7,10,6,8):
(0,2,4,1,8), (0,5,1,3,9), (0,6,1,9,7), (1,7,2,5,10), (2,6,4,8,10),
(2,8,5,4,9), (3,5,7,4,10), (3,7,10,6,8):
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(4) 4 ∈ I 45 (11).
Let I = {(0; 1; 2; 3; 4); (5; 6; 7; 8; 9); (0; 3; 6; 9; 10); (1; 4; 2; 8; 6)}. Then K11\I admits a
T 45 (7).
(0,2,5,1,7), (0,5,3,1,8), (0,6,2,7,9), (1,9,3,7,10), (2,9,4,5,10),
(3,8,4,6,10), (4,7,5,8,10):
(0,2,5,1,8), (0,5,3,1,7), (0,6,4,7,9), (1,9,2,6,10), (2,7,3,8,10),
(3,9,4,5,10), (4,8,5,7,10):
(0,2,5,1,9), (0,5,3,9,7), (0,6,2,10,8), (1,3,7,4,10), (1,7,10,3,8),
(2,7,5,4,9), (4,6,10,5,8),
(0,2,5,3,7), (0,5,1,3,8), (0,6,10,1,9), (1,7,4,5,8), (2,6,4,8,10),
(2,7,10,3,9), (4,9,7,5,10):
(5) 6 ∈ I 45 (11).
Let I = {(0; 1; 2; 3; 4); (5; 6; 7; 8; 9); (0; 3; 6; 9; 10); (1; 4; 2; 8; 6); (0; 2; 5; 1; 7); (0; 5; 3; 1; 8)}.
Then K11\I admits a T 45 (5).
(0,6,2,7,9), (1,9,3,7,10), (2,9,4,5,10), (3,8,4,6,10), (4,7,5,8,10):
(0,6,4,7,9), (1,9,2,6,10), (2,7,3,8,10), (3,9,4,5,10), (4,8,5,7,10):
(0,6,10,1,9), (2,6,4,5,7), (2,9,3,8,10), (3,7,9,4,10), (4,7,10,5,8):
(0,6,10,2,9), (1,9,3,8,10), (2,6,4,10,7), (3,7,4,5,10), (4,8,5,7,9):
(6) 7 ∈ I 45 (11).
Let I = {(0; 1; 2; 3; 4); (5; 6; 7; 8; 9); (0; 3; 6; 9; 10); (1; 4; 2; 8; 6); (0; 2; 5; 1; 7); (0; 5; 3; 1; 8);
(0; 6; 2; 7; 9)}. Then K11\I admits a T 45 (4).
(1,9,3,7,10), (2,9,4,5,10), (3,8,4,6,10), (4,7,5,8,10):
(1,9,3,8,10), (2,9,4,6,10), (3,7,4,5,10), (4,8,5,7,10):
(1,9,4,6,10), (2,9,3,7,10), (3,8,5,4,10), (4,7,5,10,8):
(1,9,4,7,10), (2,9,3,8,10), (3,7,5,4,10), (4,6,10,5,8):
(7) 9 ∈ I 45 (11).
Let H = (0; 1; 2; 3; 4)∪ (0; 2; 4; 1; 3). Then H admits a T 45 (2). On the other hand the
following 5-cycles yield a decomposition of K11. So the result follows.
(0,1,2,3,4), (0,2,4,1,3), (0,5,1,6,7), (0,6,2,5,8), (0,9,1,7,10), (1,8,2,9,10),
(2,7,3,5,10), (3,6,4,5,9), (3,8,7,4,10), (4,8,10,6,9), (5,6,8,9,7):
I 45 (21)
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(1) 1 ∈ I 45 (21).
Let the vertex set of K21 be {0; 1; 2; : : : ; 20} and let I = {(0; 1; 2; 3; 4)}. We decom-
pose K21\I into 5-cycles in four diCerent ways as follows:
(0,2,4,1,3), (0,5,1,6,7), (0,6,2,5,8), (0,9,1,7,10), (0,11,1,8,12),
(0,13,1,10,14), (0,15,1,12,16), (0,17,1,14,18), (0,19,1,16,20), (1,18,2,7,20),
(2,8,3,5,9), (2,10,3,6,11), (2,12,3,7,13), (2,14,3,9,15), (2,16,3,11,17),
(2,19,3,13,20), (3,15,4,5,17), (3,18,4,6,20), (4,7,5,6,8), (4,9,6,10,11),
(4,10,5,11,12), (4,13,5,12,14), (4,16,5,14,17), (4,19,5,15,20), (5,18,6,12,20),
(6,13,8,7,14), (6,15,7,9,16), (6,17,7,11,19), (7,12,9,8,16), (7,18,8,10,19),
(8,11,9,10,15), (8,14,9,13,17), (8,19,9,17,20), (9,18,11,14,20), (10,12,13,11,16),
(10,13,14,15,17), (10,18,12,19,20), (11,15,13,18,20), (12,15,16,19,17), (13,16,17,18,19),
(14,16,18,15,19).
(0,2,4,1,5), (0,3,1,6,7), (0,6,2,5,9), (0,8,1,7,10), (0,11,1,9,12),
(0,13,1,10,15), (0,14,1,12,16), (0,17,1,15,18), (0,19,1,18,20), (1,16,2,7,20),
(2,8,3,5,10), (2,9,3,6,11), (2,12,3,7,14), (2,13,3,10,17), (2,15,3,11,18),
(2,19,3,14,20), (3,16,4,5,17), (3,18,4,8,20), (4,6,5,7,9), (4,7,8,5,11),
(4,10,6,8,12), (4,13,5,12,15), (4,14,5,15,17), (4,19,5,16,20), (5,18,6,9,20),
(6,12,7,11,13), (6,14,8,9,15), (6,16,7,13,17), (6,19,7,15,20), (7,17,8,10,18),
(8,11,9,10,13), (8,15,11,10,16), (8,18,9,13,19), (9,14,10,12,17), (9,16,11,12,19),
(10,19,11,17,20), (11,14,12,13,20), (12,18,14,19,20), (13,14,15,16,18), (13,15,19,17,16),
(14,16,19,18,17).
(0,2,4,1,6), (0,3,1,5,7), (0,5,2,6,8), (0,9,1,7,11), (0,10,1,8,12),
(0,13,1,11,14), (0,15,1,12,17), (0,16,1,14,18), (0,19,1,17,20), (1,18,2,8,20),
(2,7,3,5,9), (2,10,3,6,12), (2,11,3,8,13), (2,14,3,9,16), (2,15,3,12,19),
(2,17,3,13,20), (3,16,4,5,18), (3,19,4,6,20), (4,7,6,5,8), (4,9,6,10,12),
(4,10,5,11,13), (4,11,6,13,14), (4,15,5,12,18), (4,17,5,14,20), (5,13,7,8,16),
(5,19,6,15,20), (6,14,7,9,17), (6,16,7,10,18), (7,12,9,8,15), (7,17,8,10,19),
(7,18,8,11,20), (8,14,9,11,19), (9,10,11,12,13), (9,15,10,13,18), (9,19,13,16,20),
(10,14,12,15,16), (10,17,11,18,20), (11,15,13,17,16), (12,16,14,19,20), (14,15,18,19,17),
(15,17,18,16,19).
(0,2,4,1,7), (0,3,1,5,6), (0,5,2,6,9), (0,8,1,6,10), (0,11,1,9,13),
(0,12,1,10,14), (0,15,1,13,16), (0,17,1,14,19), (0,18,1,16,20), (1,19,2,7,20),
(2,8,3,5,11), (2,9,3,6,12), (2,10,3,7,13), (2,14,3,11,15), (2,16,3,12,17),
(2,18,3,13,20), (3,15,4,5,19), (3,17,4,6,20), (4,7,5,8,9), (4,8,6,7,10),
(4,11,6,13,12), (4,13,5,9,14), (4,16,5,10,18), (4,19,6,14,20), (5,12,7,8,14),
(5,15,6,16,17), (5,18,6,17,20), (7,9,10,8,11), (7,14,11,9,15), (7,16,8,12,18),
(7,17,8,13,19), (8,15,10,11,18), (8,19,9,12,20), (9,16,10,13,17), (9,18,13,11,20),
(10,12,11,16,19), (10,17,11,19,20), (12,14,13,15,16), (12,15,14,18,19), (14,16,18,15,17),
(15,19,17,18,20).
I 45 (25)
(1) 1 ∈ I 45 (25).
Let the vertex set of K25 be {ij | 06i64 and 16j65}. Let the vertex set of the
graph H be {i1; i2; i3 | 06i64}. Finally, suppose the edges of H are the 25 edges
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obtained from the Hve edges {01; 11}, {01; 21}, {02; 12}, {02; 22} and {03; 13} cyclically
modulo 5. Note that H can be decomposed into two copies of K5 and one C5. Then
K25\H admits a T 45 (55). (Note that in the following table each 5-cycle is cycled modulo
5 to generate Hve 5-cycles.)
(01; 02; 11; 22; 03); (01; 22; 41; 03; 23); (01; 33; 41; 04; 24); (01; 04; 11; 44; 05);
(01; 15; 21; 05; 25); (02; 03; 12; 23; 04); (02; 23; 14; 22; 34); (02; 24; 03; 04; 05);
(02; 15; 22; 45; 35); (03; 14; 05; 13; 25); (03; 05; 24; 14; 35):
(01; 02; 11; 22; 13); (01; 22; 41; 13; 33); (01; 03; 11; 04; 14); (01; 04; 21; 44; 05);
(01; 15; 21; 45; 35); (02; 03; 22; 33; 04); (02; 23; 04; 12; 24); (02; 34; 23; 14; 05);
(02; 15; 22; 05; 25); (03; 04; 05; 13; 15); (03; 25; 44; 14; 35):
(01; 02; 11; 22; 23); (01; 22; 41; 03; 33); (01; 03; 11; 04; 24); (01; 04; 21; 34; 05);
(01; 15; 31; 05; 45); (02; 13; 22; 03; 04); (02; 23; 04; 12; 34); (02; 14; 03; 24; 05);
(02; 15; 42; 25; 45); (03; 44; 05; 13; 25); (03; 05; 04; 44; 35):
(01; 02; 11; 22; 33); (01; 22; 41; 03; 04); (01; 03; 11; 33; 14); (01; 24; 31; 14; 05);
(01; 15; 41; 25; 45); (02; 03; 12; 33; 04); (02; 33; 03; 14; 24); (02; 14; 22; 04; 05);
(02; 15; 32; 05; 45); (03; 44; 05; 13; 35); (03; 05; 24; 44; 15):
I 46 (9)
Let the vertex set of K9 be {0; 1; : : : ; 8}.
(1) 0 ∈ I 46 (9).
D1 = (0; 1; 2; 3; 4; 5); (0; 2; 4; 1; 3; 6); (0; 3; 5; 1; 7; 8); (0; 4; 6; 8; 2; 7); (1; 6; 5; 7; 3; 8);
(2; 5; 8; 4; 7; 6):
D2 = (0; 1; 2; 3; 4; 6); (0; 2; 4; 1; 3; 5); (0; 3; 6; 1; 7; 8); (0; 4; 5; 8; 2; 7); (1; 5; 6; 7; 3; 8);
(2; 5; 7; 4; 8; 6):
D3 = (0; 1; 2; 3; 4; 7); (0; 2; 4; 1; 3; 8); (0; 3; 5; 1; 6; 4); (0; 5; 2; 7; 8; 6); (1; 7; 3; 6; 5; 8);
(2; 6; 7; 5; 4; 8):
D4 = (0; 1; 2; 3; 4; 8); (0; 2; 4; 1; 3; 7); (0; 3; 5; 1; 7; 6); (0; 4; 6; 1; 8; 5); (2; 5; 4; 7; 8; 6);
(2; 7; 5; 6; 3; 8):
(2) 1 ∈ I 46 (9).
Let I = {(0; 1; 2; 3; 4; 5)}:
D1 = I∪ (0; 2; 4; 1; 3; 6); (0; 3; 5; 1; 7; 8); (0; 4; 6; 8; 2; 7); (1; 6; 5; 7; 3; 8); (2; 5; 8; 4; 7; 6):
D2 = I∪ (0; 2; 4; 1; 3; 7); (0; 3; 5; 1; 6; 8); (0; 4; 7; 8; 2; 6); (1; 7; 5; 6; 3; 8); (2; 5; 8; 4; 6; 7):
D3 = I∪ (0; 2; 4; 1; 3; 8); (0; 3; 5; 1; 6; 7); (0; 4; 7; 1; 8; 6); (2; 5; 6; 3; 7; 8); (2; 6; 4; 8; 5; 7):
D4 = I∪ (0; 2; 4; 1; 5; 3); (0; 4; 6; 1; 7; 8); (0; 6; 2; 8; 3; 7); (1; 3; 6; 7; 5; 8); (2; 5; 6; 8; 4; 7):
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(3) 2 ∈ I 46 (9).
Let I = {(0; 1; 2; 3; 4; 5); (2; 5; 8; 4; 7; 6)}:
D1 = I∪ (0; 2; 4; 1; 3; 6); (0; 3; 5; 1; 7; 8); (0; 4; 6; 8; 2; 7); (1; 6; 5; 7; 3; 8):
D2 = I∪ (0; 2; 4; 1; 3; 7); (0; 3; 5; 1; 8; 6); (0; 4; 6; 1; 7; 8); (2; 7; 5; 6; 3; 8):
D3 = I∪ (0; 2; 4; 1; 3; 8); (0; 3; 5; 7; 8; 6); (0; 4; 6; 5; 1; 7); (1; 6; 3; 7; 2; 8):
D4 = I∪ (0; 2; 4; 1; 5; 3); (0; 4; 6; 1; 8; 7); (0; 6; 3; 7; 2; 8); (1; 3; 8; 6; 5; 7):
(4) 3 ∈ I 46 (9).
Let I = {(0; 1; 2; 3; 4; 5); (2; 5; 8; 4; 7; 6); (0; 4; 6; 8; 2; 7)}:
D1 = I∪ (0; 2; 4; 1; 3; 6); (0; 3; 5; 1; 7; 8); (1; 6; 5; 7; 3; 8):
D2 = I∪ (0; 2; 4; 1; 3; 8); (0; 3; 5; 7; 1; 6); (1; 5; 6; 3; 7; 8):
D3 = I∪ (0; 2; 4; 1; 5; 3); (0; 6; 1; 3; 7; 8); (1; 7; 5; 6; 3; 8):
D4 = I∪ (0; 2; 4; 1; 7; 3); (0; 6; 1; 5; 3; 8); (1; 3; 6; 5; 7; 8):
(5) 4 ∈ I 46 (9).
Let I = {(0; 1; 2; 3; 4; 5); (2; 5; 8; 4; 7; 6); (0; 4; 6; 8; 2; 7); (0; 2; 4; 1; 5; 3)}:
D1 = I∪ (0; 6; 1; 3; 7; 8); (1; 7; 5; 6; 3; 8):
D2 = I∪ (0; 6; 1; 7; 3; 8); (1; 3; 6; 5; 7; 8):
D3 = I∪ (0; 6; 3; 1; 7; 8); (1; 6; 5; 7; 3; 8):
D4 = I∪ (0; 6; 3; 7; 1; 8); (1; 3; 8; 7; 5; 6):
1 ∈ I 47 (7)
Let the vertex set of K7 be {0; 1; 2; 3; 4; 5; 6}. The following table shows that
K7\{(0; 1; 2; 3; 4; 5; 6)} admits a T 47 (2).
(0; 2; 4; 1; 6; 3; 5); (0; 3; 1; 5; 2; 6; 4): (0; 2; 4; 6; 1; 3; 5); (0; 3; 6; 2; 5; 1; 4):
(0; 2; 4; 6; 1; 5; 3); (0; 4; 1; 3; 6; 2; 5): (0; 2; 4; 6; 3; 1; 5); (0; 3; 5; 2; 6; 1; 4):
I 47 (K7;7;7;7;7)
Let the vertex set of K7;7;7;7;7 be {ij | 06i66 and 16j65} with the obvious vertex
partition. In what follows each 7-cycle is cycled modulo 7 to generate seven 7-cycles
of K7;7;7;7;7.
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(1) 0 ∈ I 47 (K7;7;7;7;7).
(01; 02; 11; 22; 41; 12; 03); (01; 22; 61; 03; 11; 33; 04); (01; 33; 51; 23; 02; 03; 14);
(01; 24; 31; 04; 21; 54; 05); (01; 15; 21; 05; 02; 13; 25); (01; 35; 02; 33; 52; 23; 45);
(02; 04; 12; 24; 42; 14; 15); (02; 24; 62; 15; 13; 04; 45); (02; 55; 03; 04; 53; 34; 65);
(03; 34; 25; 33; 05; 24; 35):
(01; 02; 11; 22; 41; 12; 13); (01; 22; 61; 13; 11; 03; 04); (01; 33; 51; 23; 02; 13; 24);
(01; 14; 21; 04; 31; 64; 05); (01; 15; 21; 05; 02; 33; 25); (01; 35; 02; 43; 52; 33; 45);
(02; 04; 12; 24; 42; 14; 45); (02; 24; 62; 05; 03; 34; 25); (02; 55; 03; 24; 33; 14; 65);
(03; 44; 15; 43; 05; 04; 25):
(01; 02; 11; 22; 41; 12; 23); (01; 22; 61; 03; 11; 13; 04); (01; 33; 51; 23; 02; 03; 24);
(01; 14; 21; 04; 31; 64; 15); (01; 05; 11; 35; 02; 33; 45); (01; 35; 12; 03; 22; 63; 55);
(02; 04; 12; 24; 42; 14; 05); (02; 24; 62; 05; 03; 04; 45); (02; 55; 03; 14; 33; 64; 65);
(03; 44; 05; 33; 65; 14; 25):
(01; 02; 11; 22; 41; 12; 33); (01; 22; 61; 03; 11; 13; 14); (01; 23; 41; 13; 02; 03; 24);
(01; 04; 11; 44; 61; 34; 05); (01; 15; 21; 05; 02; 33; 35); (01; 25; 02; 43; 52; 33; 45);
(02; 04; 12; 24; 42; 14; 35); (02; 24; 62; 05; 13; 04; 55); (02; 45; 03; 14; 33; 04; 65);
(03; 34; 45; 13; 65; 64; 25):
(2) 14 ∈ I 47 (K7;7;7;7;7).
Let I consist of the 14 7-cycles obtained from (01; 02; 11; 22; 41; 12; 03)
and (01; 22; 61; 03; 11; 33; 04) cyclically modulo 7. Then K7;7;7;7;7\I admits a T 47 (56).
(01; 33; 51; 23; 02; 03; 14); (01; 24; 31; 04; 21; 54; 05); (01; 15; 21; 05; 02; 13; 25);
(01; 35; 02; 33; 52; 23; 45); (02; 04; 12; 24; 42; 14; 15); (02; 24; 62; 15; 13; 04; 45);
(02; 55; 03; 04; 53; 34; 65); (03; 34; 25; 33; 05; 24; 35):
(01; 33; 51; 23; 02; 03; 24); (01; 14; 21; 04; 31; 64; 05); (01; 15; 21; 05; 02; 13; 35);
(01; 25; 02; 33; 52; 04; 45); (02; 43; 04; 12; 14; 32; 44); (02; 34; 23; 04; 05; 12; 45);
(02; 15; 03; 04; 25; 23; 55); (03; 64; 25; 43; 35; 54; 45):
(01; 33; 51; 23; 02; 03; 34); (01; 14; 21; 04; 31; 54; 05); (01; 15; 21; 05; 02; 13; 45);
(01; 25; 02; 33; 52; 23; 35); (02; 04; 12; 24; 42; 14; 45); (02; 24; 62; 05; 03; 04; 55);
(02; 35; 13; 04; 53; 64; 65); (03; 54; 25; 33; 05; 64; 55):
(01; 33; 51; 23; 02; 03; 54); (01; 14; 21; 44; 11; 54; 05); (01; 15; 21; 05; 02; 33; 25);
(01; 35; 02; 13; 32; 03; 45); (02; 04; 12; 24; 42; 14; 25); (02; 24; 62; 05; 03; 04; 45);
(02; 55; 03; 14; 53; 04; 65); (03; 64; 25; 24; 05; 53; 15):
(3) 28 ∈ I 47 (K7;7;7;7;7).
Let I consist of the 28 7-cycles obtained from (01; 02; 11; 22; 41; 12; 03), (01; 22; 61; 03; 11;
33; 04), (01; 33; 51; 23; 02; 03; 14) and (01; 24; 31; 04; 21; 54; 05) cyclically modulo 7. Then
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K7;7;7;7;7\I admits a T 47 (42).
(01; 15; 21; 05; 02; 13; 25); (01; 35; 02; 33; 52; 23; 45); (02; 04; 12; 24; 42; 14; 15);
(02; 24; 62; 15; 13; 04; 45); (02; 55; 03; 04; 53; 34; 65); (03; 34; 25; 33; 05; 24; 35):
(01; 15; 21; 05; 02; 13; 35); (01; 25; 02; 33; 52; 04; 45); (02; 43; 04; 12; 14; 32; 44);
(02; 34; 13; 04; 05; 12; 45); (02; 15; 03; 04; 35; 53; 55); (03; 54; 35; 24; 15; 53; 45):
(01; 15; 21; 05; 02; 13; 45); (01; 25; 02; 33; 52; 23; 35); (02; 04; 12; 24; 42; 14; 45);
(02; 24; 62; 05; 03; 04; 55); (02; 35; 13; 04; 23; 54; 65); (03; 24; 15; 23; 05; 04; 45);
(01; 15; 21; 05; 02; 33; 25); (01; 35; 02; 13; 32; 03; 45); (02; 04; 12; 24; 42; 14; 25):
(02; 24; 62; 05; 03; 04; 45); (02; 55; 03; 24; 33; 14; 65); (03; 34; 35; 13; 45; 54; 15):
(4) 42 ∈ I 47 (K7;7;7;7;7).
Let I consist of the 42 7-cycles obtained from (01; 02; 11; 22; 41; 12; 03),
(01; 22; 61; 03; 11; 33; 04), (01; 33; 51; 23; 02; 03; 14), (01; 24; 31; 04; 21; 54; 05), (01; 15; 21;
05; 02; 13; 25) and (01; 35; 02; 33; 52; 23; 45) cyclically modulo 7. Then K7;7;7;7;7\I
admits a T 47 (28).
(02; 04; 12; 24; 42; 14; 15); (02; 24; 62; 15; 13; 04; 45); (02; 55; 03; 04; 53; 34; 65); (03; 34; 25; 33; 05; 24; 35):
(02; 04; 12; 24; 42; 14; 25); (02; 24; 62; 05; 03; 04; 45); (02; 55; 03; 24; 33; 14; 65); (03; 34; 25; 33; 05; 04; 35):
(02; 04; 12; 24; 42; 14; 45); (02; 24; 62; 05; 03; 04; 55); (02; 25; 33; 14; 23; 54; 65); (03; 24; 15; 33; 05; 34; 35):
(02; 04; 12; 24; 42; 14; 55); (02; 24; 62; 05; 03; 04; 65); (02; 25; 33; 14; 23; 44; 45); (03; 34; 15; 43; 05; 44; 55):
(5) 56 ∈ I 47 (K7;7;7;7;7).
Let I consist of the 56 7-cycles obtained from (01; 02; 11; 22; 41; 12; 03), (01; 22; 61; 03; 11;
33; 04), (01; 33; 51; 23; 02; 03; 14), (01; 24; 31; 04; 21; 54; 05), (01; 15; 21; 05; 02; 13; 25),
(01; 35; 02; 33; 52; 23; 45), (02; 04; 12; 24; 42; 14; 15) and (02; 24; 62; 15; 13; 04; 45) cyclically
modulo 7. Then K7;7;7;7;7\I admits a T 47 (14).
(02; 55; 03; 04; 53; 34; 65); (03; 34; 25; 33; 05; 24; 35):
(02; 55; 03; 04; 15; 23; 65); (03; 24; 43; 05; 14; 65; 34):
(02; 55; 03; 04; 15; 34; 65); (03; 24; 43; 05; 33; 25; 34):
(02; 55; 03; 04; 35; 54; 65); (03; 24; 43; 05; 14; 53; 45):
I 89 (9)
Let the vertex set of K9 be {0; 1; 2; : : : ; 8}.
P. Adams et al. / Discrete Mathematics 231 (2001) 27–56 55
(1) 1 ∈ I 89 (9).
Let I = {(0; 1; 2; 3; 4; 5; 6; 7; 8)}. Then K9\I admits a T 89 (3).
(0; 2; 4; 1; 3; 6; 8; 5; 7); (0; 3; 5; 1; 7; 2; 8; 4; 6); (0; 4; 7; 3; 8; 1; 6; 2; 5):
(0; 2; 4; 1; 3; 7; 5; 8; 6); (0; 3; 5; 1; 6; 2; 8; 4; 7); (0; 4; 6; 3; 8; 1; 7; 2; 5):
(0; 2; 4; 1; 5; 7; 3; 8; 6); (0; 3; 1; 6; 2; 7; 4; 8; 5); (0; 4; 6; 3; 5; 2; 8; 1; 7):
(0; 2; 4; 1; 5; 8; 6; 3; 7); (0; 3; 1; 6; 4; 8; 2; 7; 5); (0; 4; 7; 1; 8; 3; 5; 2; 6):
(0; 2; 4; 1; 6; 3; 8; 5; 7); (0; 3; 1; 5; 2; 7; 4; 8; 6); (0; 4; 6; 2; 8; 1; 7; 3; 5):
(0; 2; 4; 1; 6; 8; 3; 5; 7); (0; 3; 1; 5; 8; 2; 7; 4; 6); (0; 4; 8; 1; 7; 3; 6; 2; 5):
(0; 2; 4; 1; 6; 8; 3; 7; 5); (0; 3; 1; 5; 8; 2; 6; 4; 7); (0; 4; 8; 1; 7; 2; 5; 3; 6):
(0; 2; 4; 1; 6; 8; 5; 3; 7); (0; 3; 1; 5; 7; 2; 8; 4; 6); (0; 4; 7; 1; 8; 3; 6; 2; 5):
(2) 2 ∈ I 89 (9).
Let I = {(0; 1; 2; 3; 4; 5; 6; 7; 8); (0; 2; 4; 1; 3; 6; 8; 5; 7)}. Then K9\I admits a T 89 (2).
(0; 3; 5; 1; 7; 2; 8; 4; 6); (0; 4; 7; 3; 8; 1; 6; 2; 5):
(0; 3; 5; 1; 7; 4; 8; 2; 6); (0; 4; 6; 1; 8; 3; 7; 2; 5):
(0; 3; 5; 1; 8; 2; 7; 4; 6); (0; 4; 8; 3; 7; 1; 6; 2; 5):
(0; 3; 5; 1; 8; 4; 7; 2; 6); (0; 4; 6; 1; 7; 3; 8; 2; 5):
(0; 3; 5; 2; 7; 1; 8; 4; 6); (0; 4; 7; 3; 8; 2; 6; 1; 5):
(0; 3; 5; 2; 7; 4; 8; 1; 6); (0; 4; 6; 2; 8; 3; 7; 1; 5):
(0; 3; 5; 2; 8; 1; 7; 4; 6); (0; 4; 8; 3; 7; 2; 6; 1; 5):
(0; 3; 5; 2; 8; 4; 7; 1; 6); (0; 4; 6; 2; 7; 3; 8; 1; 5):
I 89 (K3;3;3)
Let the vertex set of K3;3;3 be {0; 1; 2} ∪ {3; 4; 5} ∪ {6; 7; 8}, with the obvious vertex
partition.
(1) 0 ∈ I 89 (3; 3; 3).
(0; 3; 1; 4; 6; 2; 7; 5; 8); (0; 4; 2; 5; 6; 1; 8; 3; 7); (0; 5; 1; 7; 4; 8; 2; 3; 6):
(0; 3; 1; 4; 6; 2; 8; 5; 7); (0; 4; 2; 5; 6; 1; 7; 3; 8); (0; 5; 1; 8; 4; 7; 2; 3; 6):
(0; 3; 1; 4; 6; 5; 7; 2; 8); (0; 4; 2; 5; 8; 1; 6; 3; 7); (0; 5; 1; 7; 4; 8; 3; 2; 6):
(0; 3; 1; 4; 6; 5; 8; 2; 7); (0; 4; 2; 5; 7; 1; 6; 3; 8); (0; 5; 1; 8; 4; 7; 3; 2; 6):
(0; 3; 1; 4; 7; 2; 6; 5; 8); (0; 4; 2; 5; 7; 1; 8; 3; 6); (0; 5; 1; 6; 4; 8; 2; 3; 7):
(0; 3; 1; 4; 7; 2; 8; 5; 6); (0; 4; 2; 6; 1; 5; 7; 3; 8); (0; 5; 2; 3; 6; 4; 8; 1; 7):
(0; 3; 1; 4; 7; 5; 6; 2; 8); (0; 4; 2; 5; 8; 1; 7; 3; 6); (0; 5; 1; 6; 4; 8; 3; 2; 7):
(0; 3; 1; 4; 7; 5; 8; 2; 6); (0; 4; 2; 7; 1; 8; 3; 6; 5); (0; 7; 3; 2; 5; 1; 6; 4; 8):
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(1) 1 ∈ I 89 (3; 3; 3).
Let I = {(0; 3; 1; 4; 6; 2; 7; 5; 8)}: Then K3;3;3\I admits a T 89 (2).
(0; 4; 2; 5; 6; 1; 8; 3; 7); (0; 5; 1; 7; 4; 8; 2; 3; 6):
(0; 4; 2; 8; 1; 5; 6; 3; 7); (0; 5; 2; 3; 8; 4; 7; 1; 6):
(0; 4; 2; 8; 1; 7; 3; 6; 5); (0; 6; 1; 5; 2; 3; 8; 4; 7):
(0; 4; 2; 8; 3; 6; 5; 1; 7); (0; 5; 2; 3; 7; 4; 8; 1; 6):
(0; 4; 2; 8; 3; 7; 1; 5; 6); (0; 5; 2; 3; 6; 1; 8; 4; 7):
(0; 4; 2; 8; 3; 7; 1; 6; 5); (0; 6; 3; 2; 5; 1; 8; 4; 7):
(0; 4; 7; 1; 5; 2; 8; 3; 6); (0; 5; 6; 1; 8; 4; 2; 3; 7):
(0; 4; 7; 1; 6; 3; 8; 2; 5); (0; 6; 5; 1; 8; 4; 2; 3; 7):
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